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Abstract
Let X and Y be locally compact noncompact spaces. For a large class of closed linear subspaces,
A and B, of C0(X,R) and C0(Y,R), respectively, we show that there exist basically two types of
diameter-preserving linear bijections Ψ :A→B: those (type 1) which can be written as Ψ (f )(y)=
τ(f ◦ ϕ)(y), where τ ∈ {−1,1} and ϕ :Y → X is a surjective homeomorphism, and those (type 2)
which can be represented as
Ψ (f )(y)=
{
τ(f ◦ ϕ)(y)− τf (x0), y 	= y0,
−τf (x0), y = y0
for some x0 ∈ X and y0 ∈ Y , where ϕ :Y \ {y0} → X \ {x0} is a homeomorphism which can be
extended to the one-point compactifications of Y and X. All these facts are proved as a consequence
of a full description of the extreme points of the closed unit ball of the dual of C0(X) and such
subspaces endowed all with the diameter norm. Finally, we characterize the locally compact spaces
with homeomorphic one-point compactifications as those which admit diameter-preserving linear
bijections like the ones described above.  2002 Elsevier Science B.V. All rights reserved.
AMS classification: Primary 47B38; 54D45, Secondary 54C40
Keywords: Diameter preserving map; Extreme point; Locally compact space; One-point
compactification
1. Introduction
The deduction of topological links between two (usually compact or locally compact)
spaces X and Y from the existence of linear maps of C(X) into C(Y ) which leave
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a given set, norm, function or relation invariant, as well as the representation of such
maps, has been widely studied in the literature. Supremum norm preserving or disjointness
preserving maps are just two examples of these linear preserver problems (see, e.g., [1,5]).
Recently, another kind of linear map has been introduced and studied in [6]; namely, the
authors consider linear bijections of C(X) (X compact and first countable) which leave the
diameter of the range of every function invariant. They show that such mappings, which
they call diameter preserving, can be represented as the sum of a weighted composition
map and a linear functional of C(X). The same type of linear bijections of C(X) is
considered in [8,3], but in them the authors remove the hypothesis of first countability
on X. We shall show that the above Banach–Stone type results can be extended to a wide
class of subspaces of C0(X).
LetX be a locally compact noncompact (not necessarily first countable) space. As usual,
C0(X) stands for the space of all continuous real-valued functions on X which vanish at
infinity.
Definition 1. We call a closed linear subspace A of (C0(X),‖ · ‖∞) Borel continuous if
each regular Borel measure vanishing on A is continuous.
The class of Borel continuous subspaces of C0(X) is quite large since it contains, among
others, all the extremely regular subspaces of C0(X) (see [4]).
In this paper we shall consider diameter preserving linear bijections defined between a
Borel continuous subspace A of C0(X) and such a subspace B of C0(Y ). We show that
there exist basically two types of such bijections: those (type 1) which can be written as
Ψ (f )(y)= τ (f ◦ϕ)(y), where τ ∈ {−1,1} and ϕ :Y →X is a surjective homeomorphism,
and those (type 2) which can be represented as
Ψ (f )(y)=
{
τ (f ◦ ϕ)(y)− τf (x0), y 	= y0,
−τf (x0), y = y0,
for some x0 ∈ X and y0 ∈ Y , where ϕ :Y \ {y0} → X \ {x0} is a homeomorphism which
can be extended to the one-point compactifications of Y and X.
All these results are obtained as a consequence of a full description of the extreme points
of the closed unit ball of the dual of C0(X) and its Borel continuous subspaces,A, endowed
all with the following norm:
‖f ‖d := diam(f ), f ∈ C0(X) (respectively A),
where diam(f ) stands for the diameter of the range of the function f ∈ C0(X) (respectively
A). It is a routine matter to verify that ‖ · ‖d is really a norm for C0(X) (respectively A).
Indeed, ‖ · ‖d is equivalent to the supremum norm.
As a consequence of the above results, we characterize the locally compact spaces (X
and Y ) with homeomorphic one-point compactifications as those which admit diameter-
preserving linear bijections between a Borel continuous subspace A of C0(X) and such
a subspace B of C0(Y ). Even more can be said: if the one-point compactifications of
two homeomorphic (respectively non-homeomorphic) locally compact spaces X and Y
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are homeomorphic, then C0(X) and C0(Y ) admit diameter-preserving linear bijections of
type 1 and (see Remark 18(a)) may admit of type 2 (respectively only of type 2).
We shall denote by C0(X) the dual space of (C0(X),‖ · ‖d ) endowed with the w-
topology and by E(X) the set of extreme points of the closed unit ball B of C0(X). In like
manner, if A is a closed linear subspace of (C0(X),‖ · ‖d ), then BA and EA(X) will stand
for the closed unit ball of its dual space, A, and its extreme points, respectively.
The one-point compactification of a locally compact space X will be denoted by X.
2. A full description of the extreme points of B and BA
Let x, y ∈X. By εx we shall denote the evaluation functional; that is, εx(f )= f (x) for
every f ∈ C0(X). It is clear that both εx and εx − εy belong to C0(X). The restriction of
εx to any closed linear subspace of C0(X) will be denoted by the same εx . In any case, the
domain of εx will be clearly stated by the context.
Proposition 1. εx − εy is an extreme point of B for every x, y ∈X (x 	= y).
Proof. Fix x0, y0 ∈X and define
O := {f ∈C0(X): f (x0)= 1, f (y0)= 0, ‖f ‖d = 1},
Q := {f ∈C0(X): f (y0)=−1, f (x0)= 0, ‖f ‖d = 1}.
Now, for any f ∈O and any g ∈Q, let
Hf :=
{
λ ∈ C0(X): λ(f )= 1
}
,
Hg :=
{
λ ∈ C0(X): λ(g)= 1
}
.
Claim 1. Hf is tangent [2, Definition (30.8)] to B for every f ∈ O (respectively every
f ∈Q).
This claim is consequence of two facts: firstly, |λ(f )|  1 for all λ ∈ B. Secondly,
(εx0 − εy0)(f )= 1 for all f ∈O (respectively every f ∈Q).
Claim 2. Hf ∩ B is a face [2, Definition (36.3)] for every f ∈ O (respectively every
f ∈Q). Furthermore, the following sets are also faces of B:
HO :=
⋂
f∈O
Hf ∩B,
HQ :=
⋂
f∈Q
Hf ∩B.
The first statement is a consequence of Claim 1 and [2, Proposition (36.3)]. The others
follow from the intersection property of faces.
Claim 3. If λ ∈HO ∩HQ and, for some g ∈C0(X), g(x0)= g(y0)= 0, then λ(g)= 0.
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Assume, with no loss of generality (as g = g+−g− and if g vanishes at x , then both g+
and g− vanish at x), that g  0 and ‖g‖d = 1. By Urysohn’s lemma, we can find h ∈ C0(X)
such that 0 h 1, h(x0)= 1, h(y0)= 0 and ‖h‖d = 1, that is, h ∈O . On the other hand,
let us define
m(x) := (h− g)∨ 0= h− g+ |h− g|
2
.
It is clear that m ∈ C0(X), which implies that |h− g| ∈ C0(X) too. Furthermore, m(x0)=
|h− g|(x0) = 1, m(y0) = |h − g|(y0) = 0 and ‖m‖d = ‖|h − g|‖d = 1, i.e., both m and
|h− g| belong to O . Finally, by the definition of O , we infer
1= λ(m)= 12λ(h)− 12λ(g)+ 12λ
(|h− g|)= 12 − 12λ(g)+ 12 .
Consequently, λ(g)= 0.
Claim 4. For every λ ∈HO ∩HQ, we have that Ker(λ)⊆Ker(εx0 − εy0).
Let us choose g ∈Ker(λ). We shall now distinguish three possibilities:
• If g(x0)= g(y0), then (εx0 − εy0)(g)= 0 and we are done.
• Suppose now that g(x0) 	= 0 and g(y0)= 0 (respectively vice versa). We can assume,
without loss of generality, that g(x0)= 1. Let h be as in Claim 3. Then (h− g)(x0)=
(h− g)(y0)= 0 and, by Claim 3, λ(h− g)= 0. Thus, 0 	= 1= λ(h)= λ(g), which is
a contradiction.
• Suppose that g(x0) 	= 0 (as above, we shall assume g(x0) = 1) and g(y0) = α 	= 1.
Let h be as in Claim 3 and, similarly, take k ∈ Q such that 0  k  1, k(y0) = 1,
k(x0)= 0 and ‖k‖d = 1. Then
(h+ αk − g)(x0)= h(x0)− g(x0)= 0,
(h+ αk − g)(y0)= αk(y0)− g(y0)= 0.
By Claim 3, we have λ(h+ αk − g)= 0. Hence,
λ(g)= λ(h)+ αλ(k)= 1− α 	= 0,
since α 	= 1. This contradiction completes Claim 4.
Claim 5. HO ∩HQ = {εx0 − εy0}.
For each λ ∈HO∩HQ, we can find, by Claim 4 and [2, Theorem (21.17)], a real constant
kλ such that λ= kλ · (εx0 − εy0). But if we choose any f ∈O , we infer that
1= λ(f )= kλ · (εx0 − εy0)(f )= kλ.
The remainder of the proof of this proposition follows from the fact that every face
which is a singleton is an extreme point (see [2, Proposition (36.7)]). ✷
Proposition 2. εx (respectively −εx ) is an extreme of B for every x ∈X.
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Proof. Fix x0 ∈X and define
O := {f ∈C0(X): f (x0)= 1,‖f ‖d = 1}.
Now, for any f ∈O , let
Hf := {λ ∈C0(X): λ(f )= 1}.
Following just the same arguments as in the proof of the previous proposition, we deduce
that the face
HO :=
⋂
f∈O
Hf ∩B
is a singleton. Indeed HO = εx .
The proof for −εx is analogous. ✷
We are now ready to prove the main results in this section.
Theorem 1. The set of extreme points E(X) of the closed unit ball B of C0(X) consists
exactly of {εx,−εx, εx − εy : x, y ∈X, x 	= y}.
Proof. Let F := {εx,−εx, εx − εy : x, y ∈X}. It is a routine matter to verify that F ⊆ B.
We shall first check that E(X)⊆ F .
Claim. The w-closure of the convex hull, clw(co(F )), of F coincides with B.
Since B is w-compact (Banach–Alaoglu’s theorem) and convex, we infer that
clw(co(F ))⊆ B. Assume now that there exists h ∈ B\clw(co(F )). By [7, Theorem 3.19],
we can find λ ∈ (C0(X)) and r1 < r2 < r3 ∈R such that
λ(h)= r3,
λ
(
clw
(
co(F )
))⊂ [r1, r2].
On the other hand, by [7, Note 3.14], we know that there exists f ∈ C0(X) such that
λ= εf . Next, let us choose two sequences, {xn} and {yn}, in X such that
f (xn) > f (yn), n ∈N,
limf (xn)= sup (f ),
limf (yn)= inf (f ).
Then
‖f ‖d = lim
(
f (xn)− f (yn)
)= lim(λ(εxn − εyn)) r < r3,
since εxn−εyn ∈ co(F ). Hence, ‖f ‖d  r < r3 = λ(h)= h(f ) ‖h‖ ·‖f ‖d  ‖f ‖d . This
contradiction yields clw(co(F ))= B.
From Milman Theorem (see, e.g., [7, Theorem 3.22]) and the Claim above, we conclude
that E(X)⊆ clw(F )= F ∪ {0}, which is to say that E(X)⊆ F .
The converse follows from Propositions 1 and 2. ✷
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The last result of this section shows that Theorem 1 also holds if we replace C0(X) by a
Borel continuous subspace.
To this end, let us note that the dual space, C0(X), of (C0(X),‖ · ‖d ) can be viewed as
a subspace of the dual of (C(X),‖ · ‖∞), that is, the space of all (bounded) regular Borel
measures µ on X. Furthermore, we also have that (C0(X),‖ · ‖d ) is, up to a constant
factor 2, isometric to the quotient of (C(X),‖ · ‖∞) by the subspace of constant functions
since
diam(f )= 2 inf{‖f − α · 1X‖∞: α ∈R}
for all f ∈ C(X). Thus, if we denote by ‖ · ‖d the original norm in C0(X) and by ‖ · ‖
the norm of (C(X),‖ · ‖∞), then it turns out that
2‖µ‖d = ‖µ‖
for every µ ∈C0(X). Let us finally recall that ‖µ‖ is indeed the total variation of µ.
On the other hand, for a regular Borel measure µ on X, we shall write µa and µc
to denote the atomic and continuous part of µ, respectively. In addition, since ‖µ‖ =
‖µa‖ + ‖µc‖, the above paragraph yields ‖µ‖d = ‖µa‖d + ‖µc‖d .
Theorem 2. Let A be a Borel continuous subspace of C0(X). Then the set of extreme
points of the closed unit ball BA of A consists exactly of {εx,−εx, εx − εy : x, y ∈X, x 	=
y}.
Proof. Let us first suppose that there exist x, y ∈X and λ,κ ∈ BA such that
2(εx − εy)= λ+ κ.
By the Hahn–Banach theorem, we can suppose that λ and κ belong to C0(X). Now, by
the Riesz representation theorem, there are regular Borel measures µ and η on X such that
µ(f )= λ(f ) and η(f )= κ(f ) for all f ∈A.
Hence, for all f ∈A,
0 = 2(εx − εy)(f )−µ(f )− η(f )
= 2(εx − εy)(f )−µa(f )− ηa(f )−µc(f )− ηc(f ).
By hypothesis, the atomic part of the above measure is zero, i.e.,
2(εx − εy)−µa − ηa = 0.
Since εx − εy is an extreme point of the closed unit ball of C0(X) (see the preceding
theorem), we infer that εx − εy = µa = ηa . As a consequence, 1 = ‖εx − εy‖d =
‖µa‖d = ‖ηa‖d . Hence, as µ ∈ B, it is clear that 1 ‖µ‖d = ‖µa‖d + ‖µc‖d , which
yields µc = 0. Similarly, ηc = 0. These two facts imply that εx − εy = λ = κ and we
deduce that εx − εy is an extreme point of the closed unit ball BA of A for every x, y ∈X.
In like manner, we can prove that ±εx are also extreme points of BA for all x ∈X. ✷
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3. Diameter-preserving linear bijections
Let A and B be Borel continuous subspaces of C0(X) and C0(Y ), respectively. In this
section Ψ will stand for a diameter-preserving linear bijection from A onto B . It is a well
known fact that the dual map Φ of a linear bijection Φ :A→ B is a linear isometry
from B onto A and that, as a consequence, it maps EB(Y ) onto EA(X). With Ψ , we can
associate a nonempty subset E of EA(X) defined as
E := {Ψ (εy): y ∈ Y}.
We begin this section by proving three useful properties of the subset E.
Remark 6. Let us suppose that
n∑
i=1
λnεxn ∈ EA(X)
for {x1, . . . , xn} ⊂X and the real numbers λ1, . . . , λn. By Theorem 2, we can assume that
n∑
i=1
λnεxn = εz1 − εz2
or
n∑
i=1
λnεxn =±εz1
for {z1, z2} ⊂X. With no loss of generality, we shall consider only the first case. Then the
functional
n∑
i=1
λnεxn − (εz1 − εz2)
vanishes on A. By hypothesis, the atomic part of the regular Borel measure corresponding
to the above functional is zero, which is to say that
n∑
i=1
λnεxn = εz1 − εz2
regarded as a measure on X. This means that
∑n
i=1 λnεxn ∈ E(X).
Lemma 1. E −E ⊂ EA(X).
Proof. It is a consequence of the linearity of Ψ  and the above remark. ✷
Lemma 2. There is at least one x ∈X such that either εx or −εx belongs to E.
Proof. Assume the contrary. Then, as E is a nonempty subset of EA(X), there is, at least,
a point of the form εx1 − εx2 in E, that is, Ψ (εy3)= εx1 − εx2 for some y3 ∈ Y .
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On the other hand, and as a consequence of the fact that Ψ |EB(Y ) is a bijection onto
EA(X), we can find εy1 − εy2 ∈ EB(Y ) such that Ψ (εy1 − εy2)= εx1 . Therefore, we have
εx2 = εx1 −Ψ (εy3)= Ψ (εy1 − εy2 − εy3).
This means that εy1 − εy2−εy3 belongs to EB(Y ). If y3 	= y1 or y3 	= y2, then, by Remark 6,
we shall have a contradiction with Theorem 1. Assume now that y3 = y1. Then
εx1 = Ψ (εy3 − εy2)= εx1 − εx2 −Ψ (εy2),
which contradicts the first assumption of this proof. Finally, if we assume that y3 = y2,
then
εx1 = Ψ (εy1 − εy3)= Ψ (εy1)− εx1 + εx2 .
As a consequence, 2εx1 − εx2 would be an extreme point of A, which is impossible. ✷
Next, given τ ∈ {−1,1} and fixed x0 ∈X, we introduce two subsets of EAX; namely,
τS = {τεx: x ∈X},
and
τSx0 =
{
τ (εx − εx0),−τεx0: x ∈X \ {x0}
}
.
Lemma 3. There exists τ ∈ {−1,1} such that either E ⊆ τS or E ⊆ τSx0 for some x0 ∈X.
Proof. By Lemma 2, there exists x0 ∈X such that either εx0 ∈ E or −εx0 ∈ E. We study
the case εx0 ∈E, the another one being similar.
First note that if E does not contain points of the form εx1 − εx2 , with x1, x2 ∈X, then
E ⊂ S. Indeed, the existence of −εx ∈E for some x ∈X would imply (see Lemma 1) that
the functional εx1 + εx2 belongs to EA(X) and then (see Remark 6) to E(X), which is not
true.
Assume now that there exists εx1 − εx2 ∈ E. We complete the proof by showing that
x0 = x1. To see this, assume that x0 is different from x1. Then we have, by Lemma 1, that
the functional εx0 − (εx1 − εx2) belongs to EA(X), but this is not possible according to
Remark 6. ✷
Given two locally compact spacesX and Y , Lemma 3 suggests the existence of two types
of diameter-preserving linear bijections from Borel continuous subspaces A of C0(X) onto
such a subspace B of C0(Y ):
Type 1: Those diameter-preserving bijections for which E ⊆ τS (τ ∈ {−1,1}).
Type 2: Those diameter-preserving bijections for which E ⊆ τSx0 for some x0 ∈ X
(τ ∈ {−1,1}).
We shall next show that diameter-preserving linear bijections of type 1 turn out to be
isometries for the supremum norm. We denote by ϕE the function defined from Y into X
by the requirement that ϕE(y) be the unique element of X satisfying
Ψ (εy)= τεϕE(y).
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Lemma 4. Let A be a Borel continuous subspaces ofC0(X). A net (xδ)δ∈D in X converges
to x ∈ X if and only if the net (f (xδ)δ∈D) converges to f (x) for every f ∈ A. In other
words, the topology of X is determined by A.
Proof. By Theorem 2, we know that, given two different points x1, x2 in X, there exist f ,
g in A such that (εx1 − εx2)(f )= f (x1)− f (x2) 	= 0 and εx1(g)= g(x1) 	= 0. The rest of
the proof follows easily from these two facts. ✷
Theorem 3. Let Ψ be a diameter-preserving linear bijection of type 1 from a Borel
continuous subspace A of C0(X) onto such a subspace B of C0(Y ). Then the following
assertions hold:
(a) The function ϕE is a homeomorphism from Y onto X;
(b) For each f ∈ A, Ψ (f ) = τ (f ◦ ϕE); that is, Ψ is an isometry for the supremum
norm.
Proof. (a) Since Ψ  is injective, ϕE is so. To prove the surjectivity of ϕE , let us fix x ∈X.
Then, since Ψ  is onto, there is extreme point λ of the BB such that Ψ (λ) = τ εx . If we
assume that λ=−εy for some y ∈ Y , then we have Ψ (εy)=−τ εx , which contradicts our
assumption on E. If, on the other hand, we assume that λ is of the form εy1 − εy2 , we also
get a contradiction; namely,
Ψ (εy1 − εy2) = Ψ (εy1)−Ψ (εy2)
= εϕE(y1) − εϕE(y2) = τεx.
As a consequence of these two contradictions, we infer that λ= εy for some y ∈ Y , that is,
ϕE(y)= x .
Next we shall prove that ϕE is a homeomorphism. Let (yδ)δ∈D be a net in Y converging
to y ∈ Y . Applying that Ψ  is w-continuous, the net εϕE(yδ) w-converges to εϕE(y); that
is, for each f ∈ A, (f (ϕE)(yδ))δ∈D converges to f (ϕE)(y). By Lemma 4, we have that
the net (ϕE(yδ))δ∈D converges to ϕE(y) ∈X. The continuity of ϕ−1E follows from the fact
that all implications in the previous argument can be reversed.
(b) By hypothesis, Ψ (εy)= τ εϕE(y) for each y ∈ Y . So,
Ψ (f )(y) = εy
(
Ψ (f )
)= Ψ (εy)(f )
= τεϕE(y)(f )= τf
(
ϕE(y)
)
,
whenever y ∈ Y and f ∈A, as was to be proved. ✷
The following theorem, juxtaposed with the previous one, points out the relationship
between homeomorphisms from Y onto X and diameter-preserving linear bijections of
type 1. We omit the proof which is a straightforward consequence of the fact that, for a
homeomorphismϕ from Y ontoX, Ψ (f )(y)= τf ◦ϕ(y) (f ∈ C0(X)) defines a supremum
norm-preserving linear bijection from C0(X) onto C0(Y ). For a Borel continuous subspace
A of C0(X) and a homeomorphism ϕ from Y onto X, let Aϕ,τ denote the set{
g ∈ C0(Y ): g(y)= τf
(
ϕ(y)
)
, y ∈ Y, f ∈A}.
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Theorem 4. Let ϕ be a homeomorphism from Y onto X and let A be a Borel continuous
subspace of C0(X). Then the following assertions hold:
(a) Aϕ,τ is a Borel continuous subspace of C0(Y );
(b) Aϕ,τ = C0(Y ) if and only if A= C0(X);
(c) Ψ (f )(y)= τf (ϕ(y)), y ∈ Y , f ∈A, defines a diameter-preserving linear bijection
from A onto Aϕ,τ .
We now turn our attention to diameter-preserving linear bijections of type 2. The first
question we must deal with is how to define a function ϕE :Y →X in this case. Indeed, as
E ⊆ τSx0 for some x0 ∈X and Ψ  carry the extreme points of BB onto the extreme points
of BA, there exists a unique point y0 ∈ Y such that Ψ (εy0)=−τ εx0 . So, it seems natural
to consider the spaces Y0 = Y \ {y0} and X0 =X \ {x0}, and define ϕE from Y0 into X0 by
the requirement that ϕE(y) be the unique point x ∈X0 satisfying
Ψ (εy)= τ (εϕE(y)− εx0).
Below we benefit from this idea in order to complete our study of diameter-preserving
bijections.
Theorem 5. Let Ψ be a diameter-preserving linear bijection of type 2 from a Borel
continuous subspace A of C0(X) onto such a subspace B of C0(Y ). Then the following
assertions hold:
(a) The mapping ϕE is a homeomorphism from Y0 onto X0 which can be extended to a
homeomorphism from Y  onto X;
(b) for each f ∈A,
Ψ (f )(y)=
{
τ (f ◦ ϕE)(y)− τf (x0), y 	= y0,
−τf (x0), y = y0.
Proof. (a) It is straightforward to check that ϕE is injective. To see that it is onto, we need
to prove that for any x ∈X0, there is y ∈ Y0 such that Ψ (εy0)= τ (εx − εx0). Let λ be the
unique extreme point in BB such that Ψ (λ)= τ (εx − εx0). As in the proof of Theorem 3,
we first infer that λ is different from −εy for every y ∈ Y . Next, let us assume that there
are y1, y2 ∈ Y such that Ψ (εy1 − εy2)= τ (εx − εx0). We shall distinguish three cases:
• Case 1: Both y1 and y2 are different from y0.
Then Ψ (εy1 − εy2) = τ (εϕE(y1) − εx0) − τ (εϕE(y2) − εx0) = τ (εϕE(y1) − εϕE(y2)),
which is clearly different from τ (εx − εx0).
• Case 2: y1 = y0.
In this case, we have Ψ (εy0 − εy2)=−τ εx0 − τ εϕE(y2) + τ εx0 = τ εϕE(y2), which is,
as in case 1, also different from τ (εx − εx0).
• Case 3: y2 = y0.
This case follows from an argument similar to the one used in case 2.
Now we shall show that both ϕE and ϕ−1E are continuous. Let (yδ)δ∈D be a net in Y0
converging to a point y ∈ Y0. Arguing as in the proof of Theorem 3, (Ψ (εyδ ))δ∈D w-
converges to Ψ (εy). Since (yδ)δ∈D ∪ {y} ⊂ Y0, this implies that (εϕE(yδ) − εx0)δ∈D w-
converges to εϕE(y) − εx0 what means that (f (ϕE(yδ)))δ∈D converges to f (ϕE(y)) for
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each f ∈ A. So, by Lemma 4, (ϕE(yδ))δ∈D converges to ϕE(y). Thus, ϕE is continuous.
Now, for a net (xδ)δ∈D converging in X0, all implications in the previous argument can be
reversed and, consequently, ϕ−1E is also continuous.
Finally, we shall prove that ϕE admits an extension to a homeomorphism from Y  onto
X. Let (yδ)δ∈D be a net converging to y0. Then (Ψ (εyδ ))δ∈D w-converges to Ψ (εy0)
which implies that (εϕE(yδ))δ∈D w-converges to zero. Suppose now that (ϕE(yδ))δ∈D
does not converges to infinity. Then we can find a subsequence (ϕE(yδµ))µ∈I converging
to a point x ∈ X. It is clear that (εϕE(yδµ))µ∈I w-converges to εx , which leads us to a
contradiction. Thus, (ϕE(yδ))δ∈D converges to infinity. Next let (yδ)δ∈D be a net in Y0
converging to infinity. Since (εyδ )δ∈D w-converges to zero, the net (Ψ (εyδ ))δ∈D also w-
converges to zero. As a consequence, the w-limit of (εϕE(yδ) − εx0)δ∈D is zero. In other
words, (εϕE(yδ))δ∈D w-converges to εx0 . This means that, for each f ∈ A, f (x0) is the
limit of the net (f (ϕE(yδ)))δ∈D . Thus, by Lemma 4 again, we conclude that (ϕE(yδ))δ∈D
converges to x0.
(b) By hypothesis, for each y ∈ Y0, Ψ (εy)= τ (εϕE(y) − εx0). So,
Ψ (f )(y) = εy
(
Ψ (f )
)= Ψ (εy)(f )
= τ (εϕE(y) − εx0)(f )= τf
(
ϕE(y)
)− τf (x0),
whenever y ∈ Y0 and f ∈A.
Finally, as Ψ (εy0)=−τ εx0 , we have
Ψ (f )(y0) = εy0
(
Ψ (f )
)= Ψ (εy0)(f )
= −τεx0(f )=−τf (x0),
for each f ∈A. The proof is complete. ✷
Similarly to Theorem 4 and fixed x0 ∈ X and y0 ∈ Y , we next study the relationship
between homeomorphisms from Y0 = Y \{y0} ontoX0 =X\{x0} and diameter-preserving
linear bijections of type 2. For a homeomorphism ϕ from Y0 onto X0 and a Borel
continuous subspace A of C0(X), let Aϕ,τ the family of all real-valued functions g on
Y defined as
g(y)=
{
τ (f ◦ ϕ)(y)− τf (x0), y 	= y0,
−τf (x0), y = y0,
where f ∈A.
Theorem 6. Let ϕ be a homeomorphism from Y0 onto X0. For a Borel continuous
subspace A of C0(X), the following assertions are equivalent:
(a) ϕ admits a continuous extension from Y  onto X;
(b) Aϕ,τ is a Borel continuous subspace of C0(Y ) and the map Ψ from A onto Aϕ,τ
defined as
Ψ (f )(y)=
{
τ (f ◦ ϕ)(y)− τf (x0), y 	= y0,
−τf (x0), y = y0,
for each f ∈A, is a diameter-preserving linear bijection from A onto Aϕ,τ .
Moreover, Aϕ,τ = C0(Y ) if and only if A= C0(X).
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Proof. We begin by showing the last part of the theorem. Let A = C0(X). Let us first
note that Ψ is linear and well-defined for each τ ∈ {−1,1}, since (ϕ(yδ))δ∈D approaches
to x0 whenever (yδ)δ∈D approaches to infinity. Next, let us show that Ψ is a bijection. To
prove the injectivity, consider two functions f and g in A such that there is x ∈ X with
f (x) 	= g(x). If x = x0, the result is clear. On the other hand, if x 	= x0 and f (x0)= g(x0),
let y ∈ Y be such that ϕ(y)= x . Then Ψ (f )(y)−Ψ (g)(y)= τ (f (x)− g(x)) 	= 0, that is,
Ψ (f ) 	= Ψ (g). Next we show that Ψ is onto. For each g ∈ C0(Y ), let f be a real-valued
function on X defined as follows:
f (x)=
{
τgϕ−1(x)− τg(y0), x 	= x0,
−τg(y0), x = x0.
It suffices to prove that f is continuous and belongs to C0(X). It is clear that f is
continuous at every x 	= x0. To see that f is continuous at x0, we shall consider a net
(xδ)δ∈D in X0 converging to x0. Hence (ϕ−1(xδ))δ∈D converges to ϕ−1(x0) =∞, which
yields the convergence of f (xϕ)= τgϕ−1(xϕ)− τg(y0) to f (x0)=−τg(y0). Finally, it is
clear that f vanishes at infinity, that is, f ∈ C0(X).
Now we prove (a)⇒ (b). For this in turn, given the homeomorphismϕ, consider the map
Ψ from C0(X) onto C0(Y ) as above. Since Ψ |A = Aϕ,τ , we only need to show that Aϕ,τ
is a Borel continuous subspace of C0(Y ). To see this, first notice that Aϕ,τ is closed (for
the supremum-norm) because is isometric to A and the diameter-norm and the supremum-
norm are equivalent. To finish the proof, it suffices to prove that Ψ (λ) is not continuous
whenever λ is not. Let λ= λa + λc with
λa =
∑
y∈Y
αyδy.
Then, by the definition of Ψ , Ψ (λa) is atomic. Suppose now that Ψ (λ) is continuous.
Then
Ψ 
(
λc
)=−Ψ (λa)+m,
that is, λc =−λa +Ψ −1(m), which is a contradiction.
(b) ⇒ (a) is straightforward. ✷
Corollary 1. Let X and Y be locally compact spaces. Then their one-point compactifica-
tions are homeomorphic if and only if there exists a diameter-preserving linear bijection
from C0(X) onto C0(Y ).
Proof. The sufficiency is a consequence of Theorems 3 and 5.
In order to obtain the necessity, assume that Y  and X are homeomorphic. If X and Y
are homeomorphic (respectively not homeomorphic), then a type 1 (respectively a type 2)
diameter-preserving linear bijection from C0(X) onto C0(Y ) can be easily constructed
following Theorem 3 (respectively Theorem 5). ✷
Corollary 2. Let X and Y be first countable locally compact spaces which are not σ -
compact. If there exists a diameter-preserving linear bijection from C0(X) onto C0(Y ),
then it has to be of type 1.
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Corollary 3. For each pair of discrete spaces X and Y , there exists a diameter-preserving
linear bijection from C0(X) onto C0(Y ) if and only if they have the same cardinal. In
addition, every diameter-preserving linear bijection is supremum-norm-preserving.
Remark 18. (a) Let us note that Corollary 1 characterizes the locally compact spaces X
and Y whose one-point compactifications are homeomorphic. Indeed,
(1) The homeomorphisms from Y  onto X which leaves the infinity fixed are
associated with the supremum-norm-preserving linear bijections from C0(X) onto
C0(Y ).
(2) The homeomorphisms from Y  onto X not leaving the infinity fixed are associated
with the diameter-preserving linear bijections from C0(X) onto C0(Y ) which are
not supremum-norm-preserving.
As an example of this second case, we can take the spaces X :≡ (0,1] and Y :≡
[0, 12 )∪ ( 12 ,1], which are not homeomorphic. However, X and Y  are the same space, say
[0,1]. Hence, the identity on [0,1] defines (see Theorem 5) a diameter-preserving linear
bijection from C0(X) onto C0(Y ) which is not supremum-norm-preserving. This kind of
homeomorphisms exists even for spaces X and Y which are homeomorphic: for example,
it is well known that irrational rotations on S1 (the one-point compactification of the real
line) does not have fixed points. So, we can also build here a diameter-preserving linear
bijection which is not supremum-norm-preserving.
Another interpretation of the above results is the following: Supremum-norm-preserving
linear bijections from C0(X) onto C0(Y ) characterize (up to homeomorphisms) locally
compact spaces (Banach–Stone theorem), whereas diameter-preserving linear bijections
from C0(X) onto C0(Y ) characterize (up to homeomorphisms) one-point compactifica-
tions of locally compact spaces.
(b) In view of Theorem 5, it seems interesting to point out that there exist locally compact
spaces X and Y such that, for some x0 ∈ X and some y0 ∈ Y , the spaces X \ {x0} and
Y \ {y0} are homeomorphic but neither X and Y nor X and Y  are. For example, let
X :≡ (0,1] and let Y : ≡ (0, 13 )∪[ 12 ,1]. Then X \ { 12 } is homeomorphic to Y \ { 12 }, but both
X and X are connected and both Y and Y  have two connected components. Therefore, it
is not always possible to build a diameter-preserving linear bijection of C0(X) onto C0(Y )
from a homeomorphism of Y \ {y0} onto X \ {x0}.
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